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Electron acceleration in the field-reversed configuration (FRC)
by slowly rotating odd-parity magnetic fields (RMFo)
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Samuel A. Cohen, Princeton Plasma Physics Laboratory, Princeton, NJ 08543

Abstract

The trajectories of individual electrons are studied numerically in a 3D, prolate, FRC
equilibrium magnetic geometry with added small-amplitude, slowly rotating, odd-parity
magnetic fields (RMFos). RMFos cause electron heating by toroidal acceleration near the
O-point line and by field-parallel acceleration away from it, both followed by scattering
from magnetic-field inhomogeneities. Electrons accelerated along the O-point line move
antiparallel to the FRC’s current and attain average toroidal angular speeds near that of the
RMFo, independent of the sense of RMFo rotation. A conserved transformed Hamiltonian,
dependent on electron energy and RMFo sense, controls electron flux-surface coordinate.

A recent publication1 considered the orbits of individual ions in an FRC with small-
amplitude odd-parity2 rotating magnetic fields (RMFos) in the Ion Cyclotron Range of
Frequencies (ICRF). That paper showed that ions can be accelerated to thermonuclear
energies in a modest-size device without loss of confinement. In this paper we study the
motion of electrons in the same system, with the RMFo still in the ICRF, far below the
electron cyclotron frequency range. Because of the mass difference, the physical mecha-
nisms responsible for electron heating are far different from those described for the ions
whose heating can be viewed as a hybrid of cyclotron resonance and Fermi acceleration. In
contrast, the physical picture of electron heating combines acceleration by slowly-varying
electric fields with scattering from field inhomogeneities. We show that this essential dif-
ference results in novel phenomena. All other conditions noted in Ref.1 also apply here.

These results are important for fusion reactor design. The FRC, recognized to have
many attractive technical and scientific features as a power plant,3 lacks proven methods
to heat electrons and drive sustained currents, particularly on the magnetic axis.4−7 This
paper shows the physics by which RMFos in the ICRF can heat electrons and drive an
on-axis electron current.

A central feature of the electron-heating mechanism is collisionless scattering from the
non-uniform magnetic field structure, first described by Speiser in 2-D.8 In an FRC with
elongation κ ≡ zs/rs, (rs = separatrix radius and ±zs = axial positions of the X points),
the magnetic field strength |B| drops by a factor ≥ 2κ in going from the mid-plane to the
extrema of a flux surface. As the electron approaches the sharp curve at an extremum,
its gyro-radius, ρL, increases and the radius of field curvature, rc decreases. If ρL/rc >
0.01, the adiabatic invariance of magnetic moment is violated where the field reverses
direction; the energy is equipartitioned between parallel and perpendicular motions. In
this scattering, no shift in the electron’s flux-surface coordinate occurs. Our simulations,
performed in 3-D, show new phenomena.

In the computer code, RMF1.13, we use an adaptive integrator9 to integrate the six
coupled nonlinear ordinary differential equations comprising Hamilton’s equations,10
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q̇i = ∂H/∂pi, ṗi = −∂H/∂qi, i = r, z, φ (1)

with H the Hamiltonian and qi and pi the canonical coordinates and momenta. Vector
potentials for the Solov’ev FRC11 and the RMFos1 are respectively given by

rAφ,FRC ≡ ΨFRC = Ψ0(r2/r2
s)(1 − r2/r2

s − z2/z2
s), (2)

{Ar, Az, Aφ}odd = (2BR/k) {I0(ξ) cos kz sinψ,−I1(ξ) sin kz sinψ, I0(ξ) cos kz cosψ} , (3)

with Ψ0 = Bar
2
s/2, Ba the FRC field at z = r = 0, BR the RMFo field amplitude, k =

lπ/κrs the RMFo wave number, l the RMFo axial mode number, ξ ≡ kr, me the electron
mass, qe = −e the electron charge, ψ ≡ φ − ωRt, ωce ≡ qeBa/mec the electron cyclotron
frequency, ωR the RMFo frequency, and Im modified Bessel functions. An electrostatic
potential ϕ(ΨFRC) may be included in H, as suggested by fluid models.12 We have studied
ϕ values up to 10 keV and seen that the primary results are unaltered. For simplicity, all
results reported here had ϕ = 0.

Because H depends on φ and t only through ψ, it follows that the transformed Hamil-
tonian

K ≡ H − ωRpφ (4)

is conserved.10 K is used to monitor the accuracy of numerical integration and, more
importantly, is shown below to control electron motion across flux surfaces.

In a typical RMF1.13 run, a 100-eV electron is initialized at a position inside the FRC’s
separatrix. Other initial parameters are the angles of the electron’s velocity, and the mode
structure, phase, frequency, and amplitude of the RMFo. Electrons with 100 eV perform
cyclotron orbits, unless they are very close to the O-point null line, in which case they may
perform null-line-crossing betatron orbits.13,14 In an FRC, electron cyclotron orbits drift
in one toroidal direction, parallel to the FRC’s current, thus reducing it, while betatron
orbits move in the opposite direction, adding to the current. The sign of ωR is positive
when the RMFo rotates in the direction of the electron betatron motion.

For the reference FRC (RFRC) of Ref. 1, with Ba = 2 × 104 G, rs = 10 cm, and
κ = 5, Fig. 1 shows results of an RMF1.13 simulation for an electron initiated on a flux
surface near the O-point line. The RMFo parameters were ωR/ωce = 2×10−4 and BR = 20
G. This sense of RMFo rotation, positive ωR/ωce, is the same as known to drive current
for even-parity RMF (RMFe). The electron energy is shown as a function of τ = t/τce,
time measured in units of the electron cyclotron period τce = 2π/ωce at Ba. The energy
periodically spikes to above 4 keV and then nearly returns to its pre-spike baseline value.
A slow, secular increase in the baseline energy also occurs, reaching a maximum of about 2
keV at τ ≈ 4×104. As the baseline energy rises, the heights of the spikes above the baseline
decrease; the maximum energy attained (spikes plus baseline) also decreases. Extending
the simulation to τ = 107 resulted in less than a 3% further increase in maximum energy
attained. In this extended time period, the secular behavior of the baseline energy is not
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monotonic; its value varies between zero and about 3 keV. Numerical integration of the
energy gain ∆E ≡ ∫ t0 qeE · vedt shows that both the energy spikes and the secular energy
gain come predominantly from the azimuthal (toroidal) component Eφ.

Figure 2 shows, with finer time resolution, the same electron’s energy, axial position
z, radial position r, and azimuthal position, φ. The spikes occur during betatron-type
orbits, when the electron is near the O-point position, r = 7.07 cm, z = 0 cm. The results
of Speiser collisions can be seen, Fig. 2b, in the erratic motion near the z extrema of the
original flux surface, ∼ ±4 cm. For example, numerous Speiser collisions occur during the
interval 3700 < τ < 5500, causing the electron to linger near the positive z extremum.
The φ position, Fig. 2d, becomes increasingly more negative with τ , dominated by steps
due to the energetic betatron orbits. The time-averaged angular velocity < φ̇ > has the
same rotation sense as the RMFo and nearly (0.98) the same magnitude. This time-
averaged synchronous motion continues for very long times, beyond τ = 107. Electrons
accelerated with a positive ωR/ωce RMFo are well confined; they move towards the O
point with increasing energy. Electrons initiated away from the O point are accelerated
to high energy by the Ez field; Speiser collisions cause isotropization of the energy. These
electrons move towards the O point where the Eφ field can cause toroidal acceleration. As
we show later, electrons initiated further from the O point eventually attain higher energy
than those initiated nearer the O point.

Figure 3 shows RMF1.13 results for reversed rotation, ωR/ωce = −2 × 10−4. Energy
spikes of ∼half the amplitude as for positive ωR/ωce occur during the early phase, τ <
3×104. Surprisingly, for this reversed RMFo rotation direction, the electron initially moves
with nearly the same average toroidal angular speed (Fig. 3b) as the RMFo, but with the
opposite rotational sense, contrary to the commonly invoked physical picture of electrons
frozen to the rotating magnetic field.14−16 At times when the energy is above ∼ 5 keV, the
spikes are absent.

For negative ωR/ωce, electrons accelerated to higher energies move further away from
the O point. The further an electron moves from the O point, the larger the fraction
of its total kinetic energy, Et, comes from Ez. At larger energies and smaller values of
ΨFRC, the average toroidal angular speed of an electron is a very small fraction of ωR, Fig.
3b. Because of this outward motion with increasing energy, the energy of those electrons
initiated near the O point eventually increases to much above that obtained for the same
initial position with ωR/ωce = +2 × 10−4, to about 10 keV at τ = 105 and 40 keV at
τ = 106.

That electrons heated at negative ωR/ωce move away from the O point while those
heated at positive ωR/ωce move towards the O point can be understood from the constancy
of K, Eq. (4). The dominant part of pφ = mr2φ̇+ qerAφ/c is qeΨFRC/c. A change of the
sign of ωR/ωce requires a corresponding change of sign of the time derivative of ΨFRC to
conserve K with changing H.

The energy spikes can be understood in terms of the combined effects of the FRC’s
static magnetic field and the time-dependent RMFo-generated electric field. Because the
FRC has a minimum-B geometry with B = 0 at the O point, r = ro and z = 0, an
electron there is guided toroidally around the FRC in a near-circular orbit of radius r = ro,
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with small axial and radial betatron modulations.13,14 The RMFo produces an azimuthal
electric field via the time derivative −(∂Aφ,odd/∂t)/c of Eqn. (3), causing the electron
to accelerate azimuthally. The cosψ term in Aφ,odd, Eq. (3), causes the electric field to
reverse sign twice as φ increases by 2π. A sufficiently fast electron will proceed in this
field to where the Eφ field reverses direction, i.e., about half way around the FRC. At that
point, deceleration will begin and proceed until nearly all the energy gained is lost. If a
non-adiabatic scattering event occurs before all the energy is lost, heating occurs. Energy
spikes occur for both directions of RMFo rotation because both produce an Eφ with the
same toroidal behavior. Energy spikes are larger for positive ωR/ωce because the RMFo

rotates in the direction of the betatron orbits so electrons stay longer in phase with the
Eφ than for negative ωR/ωce.

From a series of over 2000 RMF1.13 runs, we determine how the maximum energy Emax

attained by an electron depends on its initial position rinit, the strength and frequency of
the RMFo, the rotation sense of the RMFo, and the duration of the RMF1.13 run. For
ωR/ωce = 2 × 10−4, Fig. 4a shows, for four strengths of RMFo, the maximum energy
attained in time τ = 5 × 104 as a function of rinit, normalized to the O-point radius,
ρinit ≡ rinit/ro. At BR = 1 G, a peak in Emax appears at ρinit = 1, exceeding the off-O-
point heating by about a factor of 5. The height of Emax increases and the radial width,
δp, of the near-O-point heating broadens with increasing BR, ωR, and τ , (δp ∝ τ0.2 ), but
the central peak collapses. The smooth sunken peak that develops is a robust feature of
RMF1.13 simulations for positive ωR/ωce. It can be understood from Eq. 2 and 4. When
ωR/ωce is negative, a sunken peak in Emax does not occur because electrons initiated near
the O point move to lower ΨFRC and are not resricted in energy by Eq. 4.; Emax is then
roughly independent of ρinit and equal to the value obtained with positive ωR/ωce for
electrons initiated at the separatrix radius.

The ratio α∗ ≡< φ̇ > /ωR is shown in Fig. 4b for positive ωR/ωce as functions of BR

and ρinit. (Positive α∗ means electron azimuthal angular velocity in the same direction as
the RMFo rotation.) Synchronous rotation occurs in the same regions as the sunken peaks
in Fig. 4a. The plateaus in α∗ mark the initial positions of the electrons’ trajectories,
which is not the same as the regions where motion synchronous with the RMFo occurs.
Electrons move synchronously with the RMFo only close to the O point, typically within
±5% ro and ±10% zs.

Speiser scattering might be invoked to estimate a non-Ohmic resistivity, for example,
by assuming that Speiser collisions occur each time an electron moves a distance ∼ κrs
along the magnetic field. This simple model predicts that the ratio of Speiser collision
frequency, νs, to the Spitzer collision frequency, νz, is νs/νz ∼ 1012E2

e /nersκ. This could
provide an explantion for the enhanced resistivity seen in both FRC4 and spheromak17

experiments. However, the results shown in Fig. 2 indicate that this model oversimplifies
the resistivity, most clearly for RMF-heated FRCs, because the energy gain saturates for
positive ωR/ωce. For negative ωR/ωce, Et grows slowly, ∝ τ0.5.

In summary, we have shown with a full 3-D model that, if RMFo penetration is full,
small-amplitude odd-parity rotating magnetic fields can be used in modest-sized FRC
devices to heat electrons to fusion-relevant energies. For the standard RMFo rotation
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sense, electrons intiated away from the O point are accelerated by the Ez field and their
energy is redistributed amongst the degrees- of-freedom by Speiser collisions. The orbits of
these electrons move towards the O point as their energy increases. Near the O point they
are accelerated predominantly by the Eφ field, to synchronous motion with the RMFo. For
the opposite sense of RMFo rotation, electrons near the magnetic axis are also accelerated
to angular speeds equal to that of the RMFo, but their sense of rotation is opposite. As
these electrons heat, they move away from the O point and their toroidal drift speed
decreases. The role of the conserved transformed Hamiltonian, K, in determining electron
flux-surface coordinate is shown. These results are relevant to a compact magnetic-fusion-
reactor design.

We thank T. Carter, T.K. Chu, J. Finn, J. Foley, T. Kornack and T. Munsat for useful
discussions. This work was supported in part by U.S. Department of Energy Contract No.
DE-AC02-76-CHO-3073.
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Figure captions

1. Calculated electron energy as a function of scaled dimensionless time, τ = ωcet/2π
in an FRC with Ba = 2 × 104, rs = 10 cm and κ = 5, for odd-parity RMFs with
ωR/ωce = 2 × 10−4 and BR = 20 G.

2. Calculated electron a) energy, b) axial z, c) radial r, and d) azimuthal φ positions,
on an expanded τ scale from Fig.1. The energy spikes are coincident with orbits near
the O-point line and large negative-going steps in φ.

3. a) Electron energy vs. τ in the FRC for RMFo with ωR/ωce = −2×10−4 and BR = 20
G. Spikes are seen at at low energy, < 4 keV . b) Azimuthal position vs. τ . When
spikes occur, the azimuthal speed is close to that of the RMFo, but the diirections of
motion are opposite.

4. a) Maximum electron energy attained, Emax, vs. initial normalized electron radial
position ρinit, at ωR/ωce = 2 × 10−4 for 4 values of BR: 1, 4, 16, and 64 G. The
duration of each RMF1.13 run was τ = 3× 104. b) α∗, ratio of time-averaged electron
azimuthal angular velocity to ωR, versus ρinit.
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